Abstract. This article establishes a relation between the nonordinary locus of the reduction mod p of the TTV family of curves and the genus of certain triangular modular curves.
Introduction
Let Γ 0 (p) = {M ∈ SL 2 (Z) | M ≡ ( * * 0 * ) (mod p) } ⊆ SL 2 (Z) and H * = {z ∈ C | ℑ(z) > 0} ∪ Q. It is well-known that the modular curve X 0 (p) = Γ 0 (p)\H * admits an integral model for which the reduction modulo p consists of two copies of X 0 (1) Fp = P 1 Fp crossing transversally at the points that represent supersingular elliptic curves. This article's motivating question is whether one can find a similar relation when the classical modular group SL 2 (Z) is replaced by the triangle group Γ 5,∞,∞ and elliptic curves are replaced by TTV curves (cf. Definition 2.1 below). The reason why TTV curves are chosen here is due to a connection between those curves and Γ 5,∞,∞ found by Henri Darmon via Frey representations (cf. Definition 1.1 and Theorem 1.10 in [Dar00] and Definition 8 in [Dar04] ) .
The definitions of Γ 5,∞,∞ and the TTV curves are given in sections 1 and 2. The main results lie in Section 4, where Theorem 4.7 states a relation between the genus of a version of X 0 (p) for Γ 5,∞,∞ and the number of non-ordinary TTV curves mod p, providing evidence that the answer to the motivating question might be positive.
Triangle Groups
In this section, a particular triangle group and some important subgroups are defined. For more details and a more general description, cf. section 2 of [Tak12] .
The triangle group Γ 5,∞,∞ is defined to be the subgroup of SL 2 (R) generated by
In what follows, whenever Γ ⊆ SL 2 (R), the group Γ ⊆ PSL 2 (R) will denote the image of Γ in PSL 2 (R).
It is a fact that Γ 5,∞,∞ is a Fuchsian group and, moreover, Γ 5,∞,∞ H * ∼ = P 1 where
10 ] and ζ 10 = e 2πi/10 . Definition 1.1. Given a prime ideal p of O, the congruence subgroups of Γ 5,∞,∞ with level p are defined to be
, and
The TTV curves
Definition 2.1. The TTV curves are defined to be the following:
(1)
In [TTV91] , W. Tautz, J. Top, and A. Verberkmoes studied the two families of hyperelliptic curves defined above. In particular, it was shown that their Jacobians have real multiplication by O L , the ring of integers of L = Q(ζ 10 ) + = Q(ζ 10 + ζ −1 10 ).
The Hasse-Witt and Cartier-Manin matrices
This section is mainly based on Chapters 9 and 10 of [Ser58] and [Yui78] .
3.1. Hasse-Witt matrix. Let k be a perfect field of characteristic p > 2 and C a hyperelliptic curve of genus g > 0 defined over k. This notion can be defined in a more general context but we will focus on hyperelliptic curves.
Definition 3.1. Fix a basis of H 1 (C, O C ). The Hasse-Witt matrix of C is the matrix of the p-linear operator F : 
where U (p) is the matrix obtained from U by raising all its entries to the p-th power.
There is another way to essentially define the Hasse-Witt matrix of a curve. This is done in terms of the so called Cartier operator, which is studied in the next section.
where f (x) is a polynomial over k without multiple roots of degree 2g + 1. Every element of Ω 1 C can be written as
Definition 3.3. The Cartier-Manin matrix is the matrix of the 1/plinear operator C : 
Remark. The Cartier operator, as defined here, is called the modified Cartier operator in [Yui78] . Moreover, the definition of the CartierManin matrix given by N. Yui is slightly different (cf. page 381 of of [Yui78] ).
The relation between the Hasse-Witt matrix and the Cartier-Manin matrix arises as follows. It is known that
Under this identification, the following result (cf. Prop. 9, Section 10 in [Ser58] ) holds.
N. Yui (cf. pages 380-381 in [Yui78] ) gives a concrete way of computing the Cartier-Manin matrix of a curve:
given by (2). Then the Cartier-Manin matrix of C with respect to the basis
where
3.3. Jacobian of C. From now on, k will be a finite field of characteristic p > 2. Recall the following definitions: Proof. This is a corollary of Proposition 10 in Section 11 of [Ser58] . 3.4. Curves with real multiplication. Let L be a totally real number field such that [L : Q] = g and p a prime number that is unramified in L. In this subsection C will denote a projective algebraic curve of genus g and J its Jacobian, which is assumed to have real multiplication by O L , that is, with an embedding of rings
as explained in definition 2.2.1 of [Gor02] .
In this section, the Cartier operator C (hence, the Cartier-Manin matrix) is studied via the corresponding operator on the Jacobian of
The vector spaces on the left column are isomorphic to the ones on the right column. Furthermore, the semi-linear operators on the left column coincide (via that isomorphism) to the ones on the right column.
Moreover, the action of F commutes with the action of O L ⊗ k and satisfies the following
Proof. Cf. Lemma 2.3.1 and Remark 2.2.8 in [GO00] .
Remark. Being the dual of F , a similar statement holds for the action of
Then, it is not hard to see that, with the notation of Theorem 3.9, B decomposes as
Furthermore, Fr acts transitively on each B i , i.e.,
In this section we return to the families of curves defined in (1). These curves have genus g = 2 and, as was mentioned in the previous chapter, they have real multiplication by O L (where L = Q( √ 5)). Consider a prime p > 2 that is unramified in L.
Lemma 4.1. There are only two possibilities for such a p:
Proof. Cf. (1.1) in Chapter V of [FT93] .
4.1. The Cartier-Manin matrix of the curve C − . Example 3.5 (or the proof of the main result) in [TTV91] shows that the action of O L on H 0 (C − , Ω 1 ) has two distinct eigenvectors, namely:
Thus, Lemma 4.1, Theorem 3.9 and the remarks that follow it yield the result below. 
, where * are elements of
Remark. A curious consequence of this fact is the following non-trivial result. Let p be a prime number such that p = 2, 5,
Proof. Follows from the previous result and Proposition 3.5. Proof. This is a direct consequence of the previous theorem and of Proposition 3.8. In fact, using Proposition 3.8, we have that the Jacobian J − of C Using that
for any odd n, it follows that the map ϕ :
is well-defined and corresponds to the natural quotient map D t → D t /σ. Moreover, it makes the diagram below commutative
x → x + 1/x and the vertical maps are just
The curve D t has multiplication by O Q(ζ 5 ) coming from the map ζ : (x, y) → (ζ 5 x, y).
To prove that the Jacobian of C + has multiplication by O L , it is enough to show that the action of ζ
Now, by the definition of ζ, one computes that 
for some
Corollary 4.6. If p ≡ 2 or 3 (mod 5), then the Jacobian of the curve C + is either supersingular or ordinary.
Proof. This is a direct consequence of the previous theorem and of Proposition 3.8. The proof is similar to the proof of corollary 4.3. * admits an integral model for which the reduction modulo p consists of two copies of X 0 (1) Fp = P 1 Fp crossing transversally at the supersingular points as shown in figure 1 (cf. Theorem 6.9, page DeRa-144, in [DR73] ). In particular, there is a relation between the genus of X 0 (p) and the number of supersingular elliptic curves modulo p.
In this subsection we investigate a similar property for the triangular modular curve X Proof. Since p is assumed to be split, Proposition 4.5 in [Tak] implies that the genus of X It follows from Theorem 4.2 that the Cartier-Manin matrix is given by ( * 0 0 * ) , it suffices to compute the degree of the entries of the main diagonal, which is done in the next lemma. 
Proof. By Proposition 3.5, a(t) is the (p−1)-th coefficient of f (x) (p−1)/2 , where f (x) = x 5 − 5x 3 + 5x + 2 − 4t.
Since this lemma is only concerned about the degree (with respect to t) of a certain coefficient, f can be assumed to be
By the Multinomial Theorem,
where the sum is taken over all integers a, b, c, d
Therefore the (p − 1)-th coefficient is given by a(t) = Since this is attained only once, deg(a(t)) over Z is actually 3 2 k. Using the fact that p > 5, it follows that the coefficient of the degree 3 2 k term is not zero modulo p. Hence, deg(a(t)) = 3 2 k over F p . A similar argument proves all the other cases. The only exception is the last case (deg(b(t)) when p = 5k − 1), where the maximum d is attained twice. But in this case a straight forward computation shows that the coefficient is still non-zero modulo p.
Remark. Theorem 4.7 presents an interesting relation between the genus of X (0) 5,∞,∞ (p) and the number of non-ordinary elements in the family C − modulo p when p is split. Unfortunately when p is inert, the same does not hold. The example below shows that the difference between p degree of d(t) # of non-ordinary curves difference  11  4  3  1  19  6  5  1  29  10  10  0  31  12  11  1  41  16  16  0  59  22  21  1  61  24  22  2  71  28  25  3 
